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The quasistatic contact-line dissipation model is applied to the dynamics of relaxation of periodically
perturbed contact lines in the Wilhelmy plate geometry where a solid plate is withdrawn vertically at constant
velocity from a bath of liquid. The resulting motion of the three-dimensional liquid meniscus is solved
rigorously by numerical simulation. A detailed comparison is performed with the recent experimental results of
Delon et al. �J. Fluid Mech. 604, 55 �2008�� and with their hydrodynamic approach. The described approach
exhibits a better agreement with the experiments than the mentioned hydrodynamic approach. The influence of
nonlinearity on the contact-line relaxation dynamics is analyzed. The deviation from the behavior predicted
within the contact-line elasticity model is discussed.
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I. INTRODUCTION

Many industrial processes involve motion of the triple
liquid-gas-solid contact line. It is especially important in mi-
crofluidic devices where the liquid volumes are very small.
The ratio of the contact-line length to the characteristic size
of the liquid is then relatively large and the contact-line phe-
nomena have a strong impact on the fluid behavior. The solid
surface in contact with the liquid is not ideal. In most prac-
tically important cases, its heterogeneity is important. It can
lead in particular to a contact-line deformation. While the
static contact-line deformation has been studied extensively,
the dynamics of the deformed contact line is under active
discussion. It is important to develop an adequate theoretical
description that would permit modeling of the motion of the
contact line of complicated, possibly irregular shapes where
the liquid meniscus needs to be considered in three-
dimensions �3D�. This problem is especially challenging for
the partial wetting regime, where the application of the con-
ventional hydrodynamic description �i.e., the Navier-Stokes
equations with the no-slip boundary condition at the solid
surface� leads to infinite viscous dissipation appearing be-
cause of the moving contact line. In reality, the dissipation in
the contact-line vicinity is very large but finite, and an alter-
native theoretical description needs to be sought. Several al-
ternative approaches have been suggested in the literature
�1–4�. Testing of these approaches against existing experi-
mental data and determination of the range of validity of the
adopted approximations is a necessary step.

The approach �2,3� that we will call hereafter the “hydro-
dynamic approach” �HA� seems to be the most advanced. It
makes use of the Navier slip condition to solve the dissipa-
tion divergence issue and allows the viscous bending of the
meniscus to be calculated in the lubrication approximation.
In this approach the slip length serves as a control parameter
that permits the contact-line relaxation dynamics to be ad-
justed �5�. An extension of the lubrication approach initially
proposed by Boender et al. �6� and rediscovered recently �7�
permits one on the one hand to reduce the problem dimen-

sionality and on the other hand to treat uniformly the whole
liquid meniscus without cutting it into “inner” and “outer”
regions. The inner region is defined as the contact-line vicin-
ity where high viscous shear stresses lead to meniscus bend-
ing; the outer region is the rest of the liquid domain where
other �capillary, gravitational, etc.� forces are dominant and
the viscous stresses are often negligible. However, the HA
requires solution of nonlinear and singular nonstationary par-
tial differential equations, which is a difficult task. For this
reason the problem was solved in �2� rigorously only for a
stationary meniscus with a straight contact line where the
mathematical problem can be reduced to ordinary differential
equations. To analyze the relaxation of a deformed contact
line, a linearization has been performed which corresponds
to the case of infinitesimally weak contact-line deformation.

Another difficulty of the HA appears when low-viscosity
liquids like water, studied, e.g., in �8�, need to be considered.
Since the characteristic size of the inner region grows with
the viscosity �it is proportional to the 1 /3 power of the cap-
illary number �9� which is itself proportional to the viscos-
ity�, there is a strong scale separation between the inner and
outer regions in this case. On the one hand, the spatial grid
used in the numerical calculation needs to be dense enough
to resolve the viscous bending in the inner region. On the
other hand, the grid should be uniform enough throughout
the whole domain to avoid numerical instabilities. The satis-
faction of both these requirements leads to prohibitively
large calculation times in the 3D case. Another approach thus
needs to be sought for low-viscosity fluids.

Such an approach, which we call the “contact-line dissi-
pation” approach �CLDA� has been suggested previously
�10–12�. It is a generalization of the earlier approach �13�. It
assumes that the inner region is so small that it can be “con-
tracted” to zero, which is equivalent to the statement that the
whole viscous dissipation in the liquid is localized at the
contact line. The advantage of the CLDA lies in its simplic-
ity, which allows nonstationary contact-line dynamics prob-
lems to be solved in 3D without further linearization or other
approximations. When the meniscus motion is slow, the qua-
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sistatic version of the CLDA �10,11,14� is suitable. When the
fluid inertia is essential, e.g., during rapid processes like os-
cillations of sessile drops �15�, the position of the liquid-gas
interface needs to be determined from dynamic equations.
Since the outer region dissipation is assumed to be negligible
with respect to that in the inner region, nonviscous hydrody-
namics needs to be applied �12�.

The purpose of this paper is twofold. First, we compare
the experimental data on highly viscous fluid and the HA
results with those of the CLDA in order to check its validity.
Second, we analyze the results of the 3D CLD simulation in
order to understand the influence of nonlinearity on the re-
laxation of the contact-line deformation and the limits of
applicability of linearized approaches.

II. CLD DESCRIPTION AND PROBLEM FORMULATION

According to the main CLD assumption �13�, the energy
T dissipated in the system per unit time is the integral over
the contact line

T =� �vn
2

2
dl , �1�

where vn is the contact-line speed measured in the direction
normal to the contact line and � is a constant “dissipation
coefficient.” It has been shown �11,12� that, independently of
the interface shape or external forces, the expression �1�
leads to the local equation valid at any contact-line point:

vn =
�

�
�cos �eq − cos �� , �2�

where � is the surface tension, �eq and � are the equilibrium
and local instantaneous �or dynamic� contact angles. Equa-
tion �2� is valid independently of whether or not gravity or
other external forces are present. The dynamic contact angle
is introduced as the angle of the smooth continuation of the
outer region meniscus toward the solid surface as in �3�.
Since the dynamic contact angle is not a rigorously defined
quantity, it is omitted from further consideration and Eq. �1�
rather than Eq. �2� is used in what follows.

In general, the CLDA cannot be applied to situations
where a thin liquid film forms on the solid. The viscous
dissipation in the film is then important and Eq. �1� is not
valid. This means that neither the complete wetting nor the
high receding velocity at partial wetting where the film is
entrained by the plate �as in the dip coating process� can be
described by the CLDA. However, it can be applied at small
contact-line speeds at partial wetting.

It turns out that the partial wetting regime is the least
studied experimentally. The main reason is the strong influ-
ence of the inevitable random surface heterogeneity �called
surface defects hereafter� on the contact-line dynamics. The
presence of surface defects leads to interesting effects like
contact-line pinning and depinning transitions �16� but
causes poor repeatability of the experiments. Only a few ex-
periments have been described in the literature �3,17–21�.
However, the information given in most papers is incomplete
and does not permit a direct comparison with the calculation.

Only Ref. �3� presents sufficiently detailed information for a
comparison to be possible.

As in Ref. �3�, the classical “Wilhelmy plate” experiment
where a solid plate is withdrawn vertically at constant veloc-
ity u from a liquid-filled bath �Fig. 1� is considered here. One
of the plate faces �the other is not considered� is described
with the Cartesian coordinates �y ,z�, where the y axis is
horizontal and the z axis is directed upward. The liquid me-
niscus forms a contact line defined by its height h�y , t� where
t is the time. We do not consider here the extreme contact-
line deformations where such a description is impossible.
Since h is measured in the bath reference,

vn = ḣ − u , �3�

where the dot over h means the time derivative.
The meniscus forms a dynamic contact angle ��y , t� with

the moving plate. At the vertical bath wall opposite to the
moving plate and parallel to it, a right contact angle is as-
sumed. The distance between the plate and the wall is large
and is denoted by dx. The liquid is the same as in �3�: poly-
dimethylsiloxane, a silicone oil with shear viscosity �
=4.95 Pa s, surface tension �=20.3 mN m−1, and density �
=970 kg m−3. The capillary length is lc=�� /�g=1.46 mm,
where g is the gravity acceleration. The liquid forms the
contact angle �eq=51.5° which corresponds to the static re-
ceding contact angle of the experiments �3�. Despite the fact
that the contact line always recedes in these experiments, its
authors also consider another value of �eq=54.3°, an average
of advancing and receding static contact angles. However,
when the contact line recedes, the receding static contact
angle needs to be used as the microscopic contact angle.

Dimensionless variables will be used in the next section.
The plate speed is characterized by the capillary number
Ca=u� /�. The lengths and times are made dimensionless by
using lc and �= lc� /�, respectively.

The quasistatic version of the CLDA is appropriate here.
This means that the meniscus can be considered as if it were
in equilibrium attained for the contact-line position given at
each time moment.

III. UNPERTURBED CONTACT LINE

In order to check the validity of the contact-line dissipa-
tion model, one needs first to determine its only adjustable

FIG. 1. �Color online� Geometry of the problem.
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parameter, the phenomenological dissipation coefficient �. It
can be determined from the experimental data �3� on the rise
of an unperturbed contact line on a macroscopically homo-
geneous plate. After a relaxation stage, the contact line at-
tains a stationary height hst=h�t→�� measured �3� as a func-
tion of u.

Obviously, vn=−u here since ḣst=0. hst can be calculated
from the expression that holds for the equilibrium meniscus
�22�,

hst = �2�1 − sin �� . �4�

By eliminating � from the set of equations �2� and �4�, one
arrives at the relation

Ca = �hst
�1 − hst

2 /4 − cos �eq�
�

�
. �5�

By fitting the experimental data �3� with Eq. �5�, we find
�=164 Pa s �Fig. 2�. Note that this value is about 30 times
larger than the shear viscosity. The ratio � /� is much smaller
than for low-viscosity fluids, where it can reach enormous
values of the order of 106–107 �8,15�. The relatively small
value of this factor shows that the silicone oil case is limiting
with regard to the applicability of the contact-line dissipation
model. If the latter works for silicone oil, one may expect it
to work even better for fluids of lower viscosity.

One can see that the quality of the CLD fit is much better
than the HA results �Fig. 2� the best of which corresponds to
�eq=51.5°. The agreement of the HA curve for �eq=54.3°
with the experiment is even worse. However, it is this latter
value that was used in �3� for the studies of contact-line
dynamics. The former value is used throughout the present
work.

Consider now the contact-line rise dynamics where h and
� are both time dependent. By using again �3� and �4�, Eq.
�2� can be reduced to the following equation:

ḣ = Ca +
�

�
�cos �eq − h�1 − h2/4� . �6�

This equation can be solved analytically:

1

a�2
�− b� 1

�1 + a
arth	 h

�2�1 + a�



−
1

�1 − a
arth	 h

�2�1 − a�

� − �1 − a arth	 �4 − h2

�2�1 − a�



+ �1 + a arth	 �4 − h2

�2�1 + a�

� = �t + t0�

�

�
, �7�

where arth is the inverse hyperbolic tangent, a=�1−b2, b
=Ca � /�+cos �eq and the constant t0 is straightforwardly de-
termined from the initial condition h0=h�t=0�. It has been
found in �3� that the experimental relaxation of this “zero-
mode” perturbation �of infinite period� can be fitted by an
exponential function. For this reason, we fitted an exponen-
tial function to Eq. �7�. The fit is indeed of good quality.
However, the relaxation time and its inverse, the relaxation
rate 	0, obtained from the fit turn out to depend slightly on
h0. The latter value could not be measured experimentally �3�
and was supposed to be close to hst. The h0 dependence of
the relaxation time is a consequence of the nonlinearity of
Eq. �6�.

The fit that uses the � value found above is compared with
the HA results in Fig. 3. The agreement of the CLDA curve
with the experiment is significantly better than that for the
HA curve with �eq=51.5° and is of the same quality as that
with �eq=54.3°. However, the HA with �eq=54.3° does not
agree quantitatively with the experimental hst�Ca� depen-
dence shown in Fig. 2. As a matter of fact, Fig. 3 shows the
sensitivity of the relaxation time to the value of �eq. Its 3°
change causes a horizontal shift of the whole curve by 10%
of its total width.

The stationary meniscus exists when Ca
Cac, a critical
value at which � becomes equal to zero and the meniscus
height attains �2. For the CLDA, Cac
11.4�10−3. How-

FIG. 2. �Color online� Stationary height of the contact line �ex-
pressed in lc units� as a function of the dimensionless plate speed
Ca. The solid squares are the experimental results �3�; the solid line
is the solution of Eq. �5� corresponding to �=164 Pa s and �eq

=51.5°. The dotted and dashed lines are the HA results �3� for �eq

=51.5° and 54.3°.

FIG. 3. �Color online� Dimensionless relaxation rate 	*=	0�
for the straight contact line as a function of Ca. Experiment �3�:
squares with error bars indicating the variation in the experimental
results. Results of the exponential fitting of the theoretical solution
�7� for h0=0.99hst and �eq=51.5° are shown as a solid line. HA
results �3� are shown with dotted ��eq=51.5° � and dashed
��eq=54.3° � lines.
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ever, the entrainment of a thin film by the plate has been
observed in the experiment at Ca=Ca*=9.1�10−3
Cac,
which corresponds to the Landau-Levich transition. As men-
tioned above, the CLDA cannot describe this case.

We also find that within the CLDA the relaxation rate
scales with Ca as 	*��Cac−Ca�0.4. This exponent is close to
the predictions of the linearized quasistatic theory of Go-
lestanian and Raphaël �23� and of the linearized HA �2� both
of which lead to the exponent 0.5.

IV. MOTION OF A PERIODICALLY DEFORMED
CONTACT LINE

In the experiment �3�, the contact line was deformed after
having passed through a horizontal row of periodic defects
spaced at �=400 or 600 
m for the same liquid-substrate
combination and for the same range of Ca as in the previous
section. Therefore we can use for the dissipation coefficient
the value �=164 Pa s determined above.

We study the relaxation dynamics of a periodically de-
formed contact lines �which is a genuine 3D problem� by
adapting the numerical code developed earlier for the sessile
droplet geometry �11�.

A. Description of the numerical algorithm

The main ingredients of this algorithm are the determina-
tion of the liquid interface �meniscus� shape with given vol-
ume of the liquid and given contact line, and the calculation
of the velocity of the contact line.

The meniscus shape is determined by an iterative minimi-
zation procedure based on the local variations method �24�.
We give here only a concise description; more details can be
found in �25�. The meniscus is approximated by a set of
triangles with vertex points R�xi ,yj ,z�xi ,yj�� called nodes; i
=1, . . . ,Ni; j=1, . . . ,Nj �see Fig. 4�. The numerical results
reported below are obtained with Nj =51, Ni=600, and dx
=17.3lc. The surface of the meniscus is determined in terms
of the coordinates of Ni�Nj nodes. The randomly chosen
displacements of �Ni−1��Nj nodes are considered under the
constraint of keeping unchanged the volume and the first Nj

nodes that belong to the contact line. Only those displace-
ments that reduce the free energy of the system are retained.

The surface dynamics is simulated as follows. First, for a
given position of the contact line the stationary shape of the
meniscus of the liquid with fixed volume V in the domain
enclosed between the planes y=0 and y=� is determined as
described above. The periodic boundary conditions in the y
direction are imposed �see Fig. 1�. Next, vn at every contact-
line node is obtained directly from the equality of the varia-
tions of the free energy and of the contact-line dissipation
�see �11� for more details�. This method is preferred over the
direct application of Eq. �2� because it does not require �
calculation. Using the latter would lead to an important ac-
curacy loss when the contact line is curved. The contact-line
position at the next time step is found explicitly by using vn.
This algorithm is repeated for the successive time steps.

B. Numerical simulation of the relaxation of a periodically
perturbed contact line

In Fig. 5 of Ref. �3� the profiles of the relaxing contact
line are shown with time step �t=0.4 s for an initially peri-
odically perturbed contact line with a period �=400 
m and
for plate speed Ca=0.004 76. Such detailed information
�which was absent from other papers �17–21� on the con-
trolled contact-line deformation� allows the CLDA to be
tested against the experiment.

For convenience the contact-line profiles are reproduced
here �solid lines� in Fig. 5 where only a half period of the
contact line from Fig. 5 of Ref. �3� is shown. We treat only a
half period because of the periodic geometry under consid-
eration. In the experiment, both asymmetry and nonperiodic-
ity occur inevitably because of the contact-line pinning on
the residual random surface defects. The time decay of the
long-range spatial correlation of the contact line position be-
comes even more obvious when the evolution of the whole
extension �four periods� of the contact line is displayed �26�.

y/lc

x/lc

z/lc

FIG. 4. �Color online� An example of the surface meshing for
�=400 
m. A part �about 2%� of the initial shape of the meniscus
in the vicinity of the contact line is displayed.

FIG. 5. �Color online� Time evolution of the contact-line profile
h�y , t� is shown with time step �t=0.4 s at Ca=0.004 76. Only half
a period of the initially periodically perturbed contact line with
period 400 
m is displayed. Dashed lines, numerical CLDA results;
solid lines, experiment �3�. The solid symbols show the positions of
three points P1, P2, and P3.
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The initial contact-line shape for the simulation has been
defined with the experimental contact line at t=0 �see Fig.
5�. However, it is not exactly symmetric. We therefore gen-
erate a periodic contact line which coincides at the half pe-
riod �y� �330,530� 
m� with the experimental contact line.
The numerical solutions obtained for the contact-line profiles
at the same time step are shown in Fig. 5 with dashed lines.

In order to estimate the quality of the experimental data
approximation, the time relaxation of three selected points
P1, P2, and P3 �see Fig. 5� defined by their y values is com-
pared with the experiment �Fig. 6�. P1 �y=530 
m� is the
maximum of the contact line, P3 �y=330 
m� is the mini-
mum of the perturbed line, and P2 �y=474 
m� is an inter-
mediate point. The time variations of P1 and P2 are fitted
successfully by exponential decay functions; the time varia-
tion of the inverse height of the point P3 can be fitted by an
exponential decay function. The CLDA and experimental re-
laxation times agree within 2–4 %. The same holds if one
compares the numerical results obtained as described above
to the experimental results in the interval y� �0,800� 
m
�not shown in Fig. 6�.

C. Relaxation rates and nonlinearity

We now address the problem of the dependence of the
relaxation rates on the wave number q �q=2� /�� of the per-
turbation of the contact line. The quasistatic approach �23�
results in the relaxation rate 	 �the inverse of the relaxation
time� proportional to q

	�q� = �q�f�Ca� �8�

under the assumptions that �i� �� lc and �ii� the meniscus
slope is small ���h��1�. This result has been obtained pre-
viously for Ca=0 within the linear “contact-line elasticity”
theory �27�. The same result has been recovered for arbitrary
Ca in the framework of the linearized HA �2�. We would like
to underline that in all these cases the small-slope approxi-
mation has been used explicitly or implicitly.

Here we study the relaxation rates for relatively large me-
niscus slopes. One can proceed as suggested in �3� and fit the
profiles of the contact lines with a three-mode Fourier de-
composition,

h�y,t� = a0�t� + a1�t�cos�qy + y0� + a2�t�cos�2qy + y0�

+ a3�t�cos�3qy + y0� , �9�

where a0�t�, a1�t�, a2�t�, and a3�t� are the time-dependent
amplitudes.

First we analyze the relaxation rates at Ca=0.004 76 of
the numerical and experimental contact lines shown in Fig.
5. The amplitudes ai�t�, i=1,2 ,3, are fitted successfully with
the exponential decay functions ai�t�=Ai exp�−t /�i� where �i
are the relaxation times. The values for the relaxation times
�i

n of the numerical data are 1.28, 0.73, and 0.52 s for i
=1,2 ,3, respectively. The fitting function of the amplitude
a0�t� is similar to that of the height of the point P3. Since the
experimental contact lines �Fig. 5� are not exactly periodic,
the relaxation times �i

e depend on the interval where the Fou-
rier decomposition is performed. For the Fourier decomposi-
tion of the experimental contact lines only on � /2 �interval
�330,530� 
m� to enforce the periodicity, one obtains the
relaxation times 1.1, 0.78, and 0.48. The coefficients of the
Fourier decomposition of the numerical, ai

n�t�, and of the
experimental data, ai

e�t�, agree within 10%. Thus the Fourier
analysis confirms that the CLDA is suitable to describe the
experimental data.

One can see, however, that the relaxation times obtained
in the time interval t� �0,2.4� s do not follow the propor-
tionality pattern 1:1 /2:1 /3, in disagreement with Eq. �8�.
The violation of the above pattern appearing in both the nu-
merical and experimental results can be attributed only to the
importance of the meniscus slope, i.e., of the nonlinearity.
The latter is characterized mainly by ��h /�y� which attains
0.12 at t=0. Apparently this value is sufficiently large for the
appearance of nonlinear effects.

The analysis of the simulated relaxation shows that the
relaxation times obtained at the late stages of the relaxation
�where the slope is smaller� resemble more closely the linear
theory. Indeed, for t� �3.6,5.6� s, the exponential fitting
yields the �numerical� relaxation times �i

n=1.21, 0.64,
0.403 s for i=1,2 ,3 respectively. They result in the propor-
tionality pattern 1:0.53:0.33 which is much closer to
1:1 /2:1 /3 than that of the early stage. Generally speaking,
the variation of the relaxation time with the interval of fitting
means that the relaxation curve is not exponential. This
shows once again the significance of the nonlinearity in the
system.

In �3� the fitting of the contact-line profiles by Eq. �9� has
been performed for t� �0,2.4� s on the interval 2� instead of
0.5� here. They obtained the relaxation times �i

e= 1.07, 0.49,
and 0.4 s for i=1,2 ,3, respectively. Note that the relaxation
times change noticeably. We attribute this discrepancy to the
influence of the “background” random surface defects that
lead to long-range spatial correlation of the contact-line po-
sition that decreases with time and thus to loss of periodicity.

FIG. 6. �Color online� Time variation of the heights of the points
P1, P2, and P3 indicated with solid symbols in Fig. 5. Solid lines
and solid symbols, experimental results �3� �P1, squares; P2, tri-
angles; P3, circles�. Open symbols and dashed lines, numerical
CLDA results.
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D. Dependence of the relaxation rates on Ca

In what follows we consider the dependence of the relax-
ation rates on Ca and on the period � of the deformation of
the contact line. The dimensionless relaxation rates are de-
fined as 	

i
*=�� / �2�i�i�, where �i is the corresponding re-

laxation time for the mode i� �1,2 ,3�.
It was shown in the previous section that the nonlinearity

related to the meniscus slope can be considered negligible
only at the very end of the relaxation where h is small.
Therefore it would be desirable to control the initial interface
shape. For this purpose, we choose for the initial condition
the stationary position of the contact line on a plate with
periodic �period �� vertical bands of width 0.2�. The wetting
properties of the bands are chosen to be different from those
of the rest of the plate. The stationary contact angle �b at
these bands is assumed to be smaller than the contact angle
at the rest of the plate equal to �eq. At t=0 the value of �b is
changed instantaneously to �eq and the relaxation begins.

Consider first a small initial contact-line perturbation cor-
responding to �b=�eq−1°. The corresponding relaxation
rates are plotted in Figs. 7�a� and 7�b� as functions of Ca for
perturbations of wavelengths �=400 and 600 
m, respec-
tively. The numerical data are obtained for the whole interval

of plate speeds 0�Ca
Cac. The experimental data �3� �ob-
tained when the fitting of the contact-line profiles is per-
formed over the interval 2�� are reproduced here with the
solid symbols.

Since the period of the considered perturbations is such
that �� lc, we can compare our results with the relaxation of
a contact line in the limit of large wave numbers q→�. The
linearized quasistatic approach �2� �equivalent to the linear-
ized CLDA� leads to the following relation:

	
�
* = 	*g��eq�, g��eq� =

�cos �eq�sin �eq

hst
, �10�

where 	
�
* is made dimensionless similarly to 	

i
*. One can

test this relation to estimate 	
�
*CLD�Ca� from the CLDA curve

for the unperturbed contact line shown in Fig. 3. This result
is displayed in Figs. 7 and Fig. 8 with the solid lines. The HA
prediction calculated �3� for the median value �eq=54.3° is
also reproduced.

According to Fig. 7, the CLDA and experimental results
for the relaxation rates as functions of Ca appear to be in
good agreement. However, the 	

�
*CLD�Ca� curve deviates

from the numerical CLDA curve. This discrepancy is another
manifestation of the nonlinearity: the expression �10� was
obtained due to linearization. The results of the CLDA are as
close to the experiment as the HA results. We recall, how-
ever, that the latter results were obtained for another value of
the contact angle. The CLDA relaxation rates scale with Ca
as 	*��Cac-Ca�� , � � �0.65,0.85�. The results of the linear-
ized HA lead to the exponent 1.

To reveal the influence of the nonlinearity on the relax-
ation, it is interesting to simulate stronger initial perturba-
tions of the contact line than those considered up to now. In
Fig. 8 we present the CLDA relaxation rates for �b=�eq
−4° and for �b=5°. The latter choice approaches the maxi-
mal amplitude of the perturbation where the surface can still
be described by the single-valued function z=h�x ,y� and

(a)

(b)

FIG. 7. �Color online� Dimensionless relaxation rates 	
i
*, i

=1,2 ,3, as functions of the capillary number Ca. Solid symbols,
experimental data fitting results from Fig. 7�b� of �3�. Open charac-
ters, CLDA ��b=�eq−1°, �eq=51.5°�. The squares, triangles, and
circles correspond to 	

1
*, 	

2
*, and 	

3
*, respectively. �= �a� 400 and

�b� 600 
m. The solid line is a result of the linearized CLDA for
	

�
*CLD

and the dashed line is the HA result �3� for �eq=54.3°.

FIG. 8. �Color online� Dimensionless relaxation rates 	
i
*, i

=1,2 ,3, as functions of the capillary number Ca for strong initial
perturbations for �=400 
m and �eq=51.5°. Symbols and dashed
lines, the CLDA numerical results. Open symbols, case �a� where
�b=�eq−4°; solid symbols, case �b� where �b=5°. The solid line for
	

�
*CLD

is shown to enable the comparison with Fig. 7. The squares,
triangles, and circles correspond to 	

1
*, 	

2
*, and 	

3
*, respectively
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where ��h��1. For the sake of comparison we mention that
the initial contact line �t=0� in Fig. 5 can be well approxi-
mated by the stationary contact line on a striped surface con-
sidered in this section where �b=�eq−10° at the band, and
the contact angle equal to �eq−6° at the rest of the plate.

The relaxation rates depend also on the width of the band.
For example, if the width of the band is increased twice, the
relaxation times increase by about 15%.

One can see that an increase of the contact-line perturba-
tion causes a decrease of the relaxation rates. This is the
effect of the nonlinearity, analogously to that discussed for
the unperturbed contact line. Indeed, Fig. 8 shows that the
dependence 	�q� becomes weaker than linear �i.e., it seems
that 	�q��q�, where �
1�. The same tendency can be
traced in the experimental data of Fig. 7�b� �the solid circles
are below the squares and the triangles� although no defini-
tive conclusion is possible because of the experimental data
scatter. We find also that at large deformations the scaling
changes: the relaxation rates scale with Ca as 	

i
*��Cac

−Ca�� , � � �0.3,0.4�.

V. CONCLUSIONS

This work deals with numerical simulations of the general
nonlinear 3D problem within the contact-line dissipation ap-
proach. To the best of our knowledge, only linear �or linear-
ized� analysis of the dynamics of contact-line relaxation was
available up to now.

A detailed comparison with the experimental data of De-
lon et al. �3� and with their hydrodynamic approach has been
performed. In the framework of the hydrodynamic approach
initially applied �2,3� to interpret their experimental data,
two different values of contact angle were needed to describe
different experimental data sets. The CLDA parameters al-
lowed a good agreement to be achieved using the single,
actually measured value of the contact angle. Note that the
relaxation times are very sensitive to the contact angle value.

As a matter of fact, this sensitivity explains experimental
data scatter appearing because of the solid surface heteroge-
neity �which can be interpreted as a random variation of the
local contact angle�.

An advantage of the CLDA with respect to other ap-
proaches is its simplicity. The CLDA involves a single ad-
justable parameter �the constant dissipation coefficient ��,
which has been determined from the experimental data on
stationary meniscus height as a function of Ca and then was
used to describe the dynamic experiments.

The CLDA has been validated here against experimental
data for a limiting case with regard to its applicability: a
strongly viscous fluid. It is expected to work even better for
low-viscosity fluids �where the HA is more difficult to
apply�.

A study of the influence of the surface nonlinearity on the
contact-line relaxation has been carried out. It has been
shown that the contact-line elasticity theory derived initially
in the linear approximation �small interface slopes� fails at
even moderate slopes. An increasingly large surface slope
leads to a decrease of the relaxation rate 	 and to an increase
of the deviation of the 	�q� curve �q is the wave number�
from the linear dependence predicted within the contact-line
elasticity theory. The simulations predict that the 	�q� depen-
dence should become weaker than linear with increasing am-
plitude of the meniscus deformation.

To summarize, the CLDA presents a powerful tool that
can be applied to future studies, e.g., of the collective effect
of surface defects on contact-line motion �dynamic hyster-
esis, etc.�.
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